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In this work, operation robustness of controlled density of optical states under phonon dissipation
is studied for an artificial atom simultaneously driven by two distinguishable fields. We investigate
the influence of carrier-phonon interaction on the emission properties of the doubly driven two-
level system by using both, perturbative and polaron approaches. Phonon effects are evidenced
through comparing emission spectra obtained for finite temperatures, with that calculated at zero
temperatures where lattice vibrations are absent.
INTRODUCTION
Semiconductors quantum dots (QDs) or “artificial
atoms”, have completely quantized energy states which
allows selective probing of particular exciton (electron-
hole pair) transitions. The properties of QDs are a top-
ical trend given its importance for essential scientific re-
search and technological applications [1]. Between dif-
ferent types of QDs currently under investigation, this
study focuses on self-assembled InAs/GaAs QDs [2].
These materials have similar lattice parameters and a
difference in energy gaps that guarantees the existence
of bound states. Phonon interactions in QDs constitute
a limitation on the level of coherence in their excitonic
transitions. The phonon-induced dephasing process is re-
sponsible for the intensity damping of QDs exciton Rabi
rotations [3].
Two-level quantum system irradiated by a monochro-
matic field under resonant excitation, presents a dis-
tinct stimulated emission [resonance fluorescence (RF)],
so called Mollow triplet [4]. Emission properties in the
case of QDs were studied considering a single QD as a
two-level system with unexcited crystal ground state and
single-exciton state [5, 6]. That system was exposed to
strong driving fields, clearly showing the same RF spec-
trum of an atom. The radiative properties of two-level
quantum system driven by monochromatic fields (one
strong and one weaker) were described using the dou-
bly dressed atom model, first coupling the bare atom to
the stronger field, and then coupling the dressed states to
the weaker field. RF spectrum (RFS) was found by the
real part of the Fourier transform of the two-time cor-
relation function of the dipole-moment operator [7]. In
mid-2015, RF spectrum for two-level system driven by
monochromatic fields was demonstrated experimentally
for QDs in full agreement with the predictions for real
and artificial atoms [8, 9].
The experimental RF in QDs presents a systematic
spectral sideband broadening due to the interactions of
the dressed excitons with the phonon reservoir, that can
be observed with increasing temperature [10]. Precisely
are these dissipation effects on the RF of a QD driven
by two distinguishable fields what we study here, based
on the influence of phonons on the incoherent emission
spectrum, that can be captured entirely by damping of
the QD excitonic Rabi frequency and the introduction of
a pure-dephasing rate [11].
This work is structured as follows. In the first section,
RF of a doubly driven QDs, is introduced. In the fol-
lowing sections, the phonon effects on the RF of a QD
driven by two distinguishable fields are presented, and
results are formulated.
DOUBLY DRESSED STATES
We consider a two level excited system by two dis-
tinguishable lasers, one strong and the other one much
weaker. The fields have the same frequency ωL, and Rabi
frequencies 2Ω (strong field) and 2G (weak field). The-
oretically, the atom is first coupled to the strong field,
then the dressed system is coupled to the weak field, and
finally the doubly dressed system decays spontaneously
into the vacuum field [12]. This model is valid in the
limits wL ≈ w0  2Ω > 2G > Γ.
In resonance, the Hamiltonian Hˆd = HˆAF + HˆW that
includes interaction with the stronger laser but not with
the weak one, has eigenstates |i,N −n, n〉 (i = 1, 2), that
satisfy the eigenvalue equation [13]
Hˆd|i,N − n, n〉 = ~[NwL − (−1)iΩ]|i,N − n, n〉, (1)
where the numbers N and n, are the total number of
photons and number of photons associated to the weak
field, respectively. The interaction between the dressed
system and the weaker field is included as
VˆC = ~g1
(
aˆ†Sˆ− + aˆSˆ+
)
. (2)
For Γ > G, the coupling with the weak field generates a
set of states along an energy range of 2G (see figure 1).
The interaction VˆC has the following matrix elements
V (i)nm = 〈i,N − n;n|VˆC |i,N −m;m〉,
= −(−1)i~gn
(√
n+ 1 δn+1,m +
√
n δn−1,m
)
, (3)
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2FIG. 1. Doubly dressed states.
where gn = g1 sin θ cos θ. This matrix has the same form
of the position operator in the basis of energy eigenstates
of the one-dimensional harmonic oscillator [14], and its
eigenvalues are written as −(−1)iλ~gn, −∞ < λ < ∞.
With these assumptions, the total Hamiltonian of the
system satisfies the eigenvalue equation
(Hˆd + Vˆ )|Niλ〉 = E(i)Nλ|Niλ〉, (4)
where
E
(i)
Nλ = ~[NωL − (−1)i(Ω + λgn)], (5)
|Niλ〉 =
∞∑
n=0
φn[−(−1)i λ√
2
]|i,N − n;n〉, (6)
and
φn(x) = (
√
2pi2nn!)−1/2Hn(x)e(−
1
2x
2), (7)
which is the harmonic oscillator eigenfunction φn(x), con-
taining the Hermite polynomial Hn(x) of order n. The
eigenvectors in equation (6) satisfy the orthonormality
and completeness relations, and they are used to find the
nonvanishing matrix elements of the atomic transition
operator Sˆ+, as
〈N1λ|Sˆ+|(N − 1)2λ′〉 = (1/2)δ(λ+ λ′), (8)
〈N2λ|Sˆ+|(N − 1)1λ′〉 = −(1/2)δ(λ+ λ′), (9)
〈Niλ|Sˆ+|(N − 1)iλ′〉 = −(−1)i(1/2)δ(λ− λ′). (10)
Sign differences in the delta functions correspond to dif-
ferent features between the central and the side compo-
nents of the RFS. From equations (8) and (9), we can
see that the allowed transitions are those that satisfying
λ = −λ′. Because of this, transitions with various ener-
gies are generated and the sidebands in the RFS present
broadening (see figure 2). In contrast, from equation
FIG. 2. Spontaneous transitions between doubly dressed
states, with a finite set of states (−2 < λ < 2).
(10), transitions are governed by λ = λ′, and these tran-
sitions have a unique energy, whereby the central peak is
unmodified. The RFS is obtained from the real part of
the Fourier transform of the two-time correlation func-
tion of the dipole-moment operator and is given by [7]
Ld(ω) =
Γ
4pi
{ Γ/2
(ω − ωL)2 + (Γ/2)2
+
1
4
∫ +∞
−∞
dλ|φM (λ/
√
2)|2
( 3Γ/4
(ω − ωL − 2Ω− 2λgn)2 + (3Γ/4)2
+
(3Γ/4)
(ω − ωL + 2Ω− 2λgn)2 + (3Γ/4)2
)}
, (11)
Coupling is given by gn =
sin θ cos θG√
M
, with M the number
of photons in the weak field. The RFS in equation (11) is
plotted in figure 3 and clearly shows how the sidebands
present broadening (to an extent of 2G), while the central
peak is unmodified.
RFS for a QD driven simultaneously by two elec-
tromagnetic fields, has been experimentally studied on
an InAs/GaAs QD on states |0〉 and |X〉. The QD
was simultaneously excited to Rabi frequencies 2Ω =
2pi x 5 GHz and 2G = 2pi x 2 GHz, respectively. The
power ratio is given by α = GΩ = 0.4 (the power of the
stronger laser was 100 µW ). The QD is embedded in a
low-Q planar microcavity (Q ≈ 200) and a cryostat bath
at 4.2 K (see figure 4 (a)). The result of the experiment
3FIG. 3. Normalized RFS for a two-level system driven by two
fields. The Hermite polynomial of order M = 40 is used, δL =
0 , 2Ω = 2pi x 5 GHz, 2G = 2pi x 2 GHz and Γ = 2.35 GHz.
is a RFS consistent with that of in equation (11) [9](the
experiment does not consider dephasing due to phonons).
FIG. 4. (a) Experimental set up. (b) Measured RFS of a QD
driven by two electromagnetic fields, with 2Ω = 2pi x 5 GHz,
2G = 2pi x 2 GHz and Γ ≈ 2.35 GHz
TEMPERATURE-DEPENDENT RFS FROM A
DOUBLY DRIVEN QD
We consider a two-level QD with ground state |0〉 and
exciton state |X〉, and an energy gap ~ω0. The QD is
driven by a laser of frequency ωl ≈ ω0, and Rabi fre-
quency Ω. The QD is coupled to a phonon bath repre-
sented by an infinite collection of harmonic oscillators of
frequency ωk, and creation and annihilation operators, bˆ
†
k
and bˆk, respectively. Because the electron moves into the
QD (crystal), this generates a deformation in the crystal
lattice resulting in a polaronic system. In the continuum
limit the system-bath interaction is characterized by the
spectral density function [15]
J(ω) = αω3e(ω/ωc)
2
, (12)
that describes coupling to longitudinal acoustic (LA)
phonons via deformation potential [16]. The coupling
constant α, is the strength of the exciton-phonon inter-
action and depends on the characteristics of the QD. The
phonon cutoff frequency is given by ωc and arises from
the form factor of carrier wavefunctions.
The master equation that describes the dynamics of
the system is developed in the Markov approximation
and under the polaron transform [17–19]. This is given
by
dρˆ(t)
dt
= − i
2
[Ωrσˆx, ρˆ(t)]−Ω
2
4
∫ ∞
0
dτ
(
[σˆx, σˆxρˆ(t)]Λx(τ)
+ cos(Ωrτ)[σˆy, σˆyρˆ(t)]Λy(τ)
+ sin(Ωrτ)[σˆy, σˆz ρˆ(t)]Λy(τ) + Hˆ.c.
)
, (13)
where resonant excitation δ′ = 0 has been considered,
σˆx = (|X〉〈0|+ |0〉〈X|), σˆy = i(|0〉〈X|−|X〉〈0|), and σˆz =
(|X〉〈X| + |0〉〈0|), are the Pauli matrices. The term Ωr
is included, which term corresponds to the renormalized
Rabi frequency Ωr = ΩB.
The stationarity of the reference state of the phonon
bath in the continuum limit, are expressed as
Λx(τ) =
B2
2
(eφ(τ) + e−φ(τ) − 2), (14)
Λy(τ) =
B2
2
(eφ(τ) − e−φ(τ)), (15)
where the phonon correlation function φ(τ) is defined as
[20]
φ(τ) =
∫ ∞
0
dω
J(ω)
ω
(cos(ωτ) coth(βω/2)− i sin(ωτ)).
(16)
and the thermally averaged phonon displacement opera-
tor, is written as (LA)
〈Bˆ±〉 ≡ B = exp
[
−1
2
∫ ∞
0
dω
J(ω)
ω2
coth(βω/2)
]
, (17)
where β = 1/(kBT ). In turn, the polaron frequency shift
in the continuum limit is given by ∆p =
∫∞
0
dωJ(ω)/ω.
Damping rates
The damping rates in the polaron theory and the weak
coupling approach, are obtained by the master equation
13. This damping rates are taking from the evolution of
the Bloch vector in the polaron framework [19]. The base
rates in this approach are
Γy =
Ω2
2
γx(0), (18)
4and
Γz =
Ω2
4
(γy(Ωr) + γy(−Ωr) + 2γx(0)), (19)
where
γl(ω) = 2Re[Kl(ω)], (20)
and the polaron response function is
Kl(ω) =
∫ ∞
0
dτeiωτΛl(τ). (21)
Weak coupling rate
From the Born-Markov treatment [15], the damping
rate is expressed in the form
ΓW =
1
4
(γW (Ω) + γW (−Ω)). (22)
With a weak-coupling correlation function of the form
ΛW (τ) =
∫ ∞
0
dωJ(ω)(cos(ωτ) coth(βω/2)− i sin(ωτ)),
(23)
the weak-coupling rate takes the form
ΓW =
pi
2
J(Ω) coth(βΩ/2). (24)
The weak-coupling rate has a linear temperature depen-
dence in the hight-temperature regime (see figure ??).
This rate depends on the original Rabi frequency Ω and
does not take into account its renormalization.
Full polaron and single-phonon polaron rate
In the full polaron theory, the damping rate is given
by the sum of Γy and Γz [19], as
Γp = Γy + Γz. (25)
Using equations (18) and (19), we have
Γp =
Ω2
2
γx(0) +
Ω2
4
(γy(Ωr) + γy(−Ωr) + 2γx(0)),
Γp =
Ω2
4
(γy(Ωr) + γy(−Ωr) + 4γx(0)),
and taking into account equations (20) and (21), then
Γp =
Ω2
4
(2Re[Ky(Ωr)]+2Re[Ky(−Ωr)]+4(2Re[Kx(0)])),
Γp =
Ω2
4
(
2Re
[ ∫ ∞
0
dτeiΩrτΛy(τ)
]
+2Re
[ ∫ ∞
0
dτe−iΩrτΛy(τ)
]
+4
(
2Re
[ ∫ ∞
0
dτΛx(τ)
]))
.
Inserting the phonon correlation functions from equa-
tions (14) and (15), the full polaron rate is found as
Γp =
Ω2r
4
(
Re
[ ∫ ∞
0
dτeiΩrτ (eφ(τ) − e−φ(τ))
]
+ Re
[ ∫ ∞
0
dτe−iΩrτ (eφ(τ) − e−φ(τ))
]
+ 4Re
[ ∫ ∞
0
dτ(eφ(τ) + e−φ(τ) − 2)
])
. (26)
Now to find the single-phonon polaron rate, we take the
truncated expansion e±φ(τ) = 1± φ(τ), obtaining
Γ1−ph =
Ω2r
4
(
2Re
[ ∫ ∞
0
dτeiΩrτφ(τ)
]
+2Re
[ ∫ ∞
0
dτe−iΩrτφ(τ)
])
,
this equation can be written in closed form as [10]
Γ1−ph =
pi
2
J(Ωr) coth(βΩr/2). (27)
The single-phonon polaron rate has the same form as
the weak-coupling rate, but differs in that the former
one takes into account the renormalized Rabi frequency
Ωr. The ΓW , Γph−1 and Γp rates have similar behav-
ior at low temperatures (T < 10 − 15 K), however at
high temperatures split noticeably, and multiphonon ef-
fects described by the polaron rate, become important.
In addition the Γ1−ph rate decreases at high tempera-
tures confirming that underestimates the coupling with
phonons.
RESULTS
Dissipation effects by phonons (DEBPs) on the in-
coherent emission spectrum are captured entirely by a
renormalization of the originals Rabi frequencies and the
introduction of damping rates [10]. We use the spectrum
in equation (11), the original and renormalized Rabi fre-
quencies, and the ΓW , Γph−1 and Γp damping rates, to
observe effects due to phonons. As previously discussed,
equation (11) corresponds to a two level system driven
by two fields modes, one strong and one weak, with Rabi
frequencies Ω and G, respectively. Because the Rabi
frequency G is weaker than Ω, its contribution to the
damping rates is neglected and only its renormalization,
Gr = GB, is considered (see figure 5).
We use parameters correspond to a single self-
assembled InAs/GaAs QD embedded in a microcavity
with a low Q factor (∼ 200). The Rabi frequency 2Ω
5FIG. 5. Temperature dependence of renormalized Rabi fre-
quencies Ωr (black line) and Gr (blue line).
is tuned to 2pi x 5 GHz and the Rabi frequency 2G to
2pi x 2 GHz. The spontaneous emission rate of the neu-
tral exciton state is given by Γ = 2.35 GHz. The cou-
pling constant is taken as α = 2.535 x 10−7 GHz−2 and
the phonon cutoff frequency as ωc ≈ 493.33 GHz [10].
DEBPs on the RFS of a QD driven by two fields in
the weak-coupling rate
To calculate the RFS for a single QD driven by
two electromagnetic fields in the exciton-phonon weak-
coupling limit, the damping rate ΓW is included in the
spectrum (11), as
ΓT = Γ +
pi
2
J(Ω) coth(Ω/2kBT ). (28)
Carrying out the calculation for various temperatures,
FIG. 6. DEBPs on the RFS of a QD driven by one (dashed
lines) and two (solid lines) electromagnetic fields in the weak
limit ΓW .
the phonon effects can be elucidated. In figure 6, we see
the DEBPs on the RFS of a monochromatically doubly
driven QD (the case of single driving is added in dashed
lines for comparison), for a temperature range between 0
and 60 K. The weak-coupling does not renormalize the
Rabi frequencies, then the peak positions remains un-
changed. Peaks are deformed and broadened, and their
intensities decrease with the increasing temperature.
DEBPs on the RFS for a QD driven by two fields in
the single-phonon polaron limit
In the single-phonon polaron limit, the Rabi frequen-
cies (Ω and G) are renormalized as
Ωr = ΩB and Gr = GB,
and the total damping rate is given by
ΓT = Γ + Γ1−ph,
ΓT = Γ +
pi
2
J(Ωr) coth(Ωr/2kBT ). (29)
FIG. 7. DEBPs on the RFS of a QD driven by one (dashed
lines) and two (solid lines) electromagnetic fields within the
single-phonon polaron limit.
In this limit, DEBPs on the RFS of a doubly driven
QD are mainly manifested by the stronger sideband de-
formation. The sidebands move towards the central peak
and their width decreases with increasing temperature.
At hight temperatures (T > 40 K) the damping rate de-
creases, and the peak intensity tends to stabilize because
the multiphonon effects in this limit are neglected (see
figure 7).
6DEBPs on the RFS for a QD driven by two fields
within the full polaron framework
The polaron rate includes the multiphonon effects and
is valid in both low and high temperatures. This take
into account the renormalization of the Rabi frequencies
Ω and G, and the total damping rate is ΓT = Γ + Γp.
FIG. 8. DEBPs on the RFS of a QD driven by one (dashed
lines) and two (solid lines) electromagnetic fields within the
full polaron framework.
Figure 8 show the DEBPs on the RFS of a doubly
dressed QD with increasing temperature within the full
polaron rate. The polaron rate is similar to the single-
phonon polaron rate, but its effects are more pronounced
at high temperatures T > 40 K and the peak intensities
decrease noticeably with the increasing temperature.
A clear comparison between the three damping rate
models is shown in figure 9. There, the difference between
the results obtained with either the single phonon or the
full polaron approaches at hight temperatures (60 K),
can be appreciated.
SUMMARY AND CONCLUSIONS
We have studied theoretically and computationally dis-
sipation effects by phonons on the resonance fluorescence
of an artificial atom (or quantum dot) driven by one and
two electromagnetic fields, under the assumption that
these effects can be captured entirely by renormalization
of the Rabi frequencies and inclusion of pure dephasing
rates [10, 19].
The model for describing a two-level system driven si-
multaneously by two electromagnetic fields was revised
[7], and expanded with the insertion of phonon effects
on the resonance fluorescence spectrum. This spectrum
was simulated for realistic parameters of an artificial
FIG. 9. Comparison of the DEBPs according to the weak-
coupling (black line), single-phonon polaron (blue line) and
full polaron (red line) approaches, on the RFS of a QD driven
by one (dashed lines) and two (solid lines) electromagnetic
fields at 15 K and 60 K.
atom [10], and with different models for the coupling of
the confined exciton with a longitudinal acoustic phonon
environment. Resonance florescence spectra calculated
within the weak coupling, single-phonon polaron and full
polaron approaches, were compared and analyzed in a
temperature range between (0− 60 K).
Our result for dissipation effects in doubly driven QD
were obtained by adapting and implementing methods re-
cently proposed and successfully verified in singly driven
artificial atoms [5, 9, 10, 20–25], so that they are expected
to provide an accurate insight on the temperature depen-
dence of this promising and innovative optical set up.
The calculated resonance fluorescence spectra repre-
sent a tool to determine the temperature window in which
the proposed scheme would become useful for optoelec-
tronic applications (reliable and robust operation). On
one hand, intensity ratio between dark and bright fre-
quencies should be significant; and on the other, gaps
between ranges of bright frequencies should be notice-
ably larger than the corresponding central peak width.
The tunable excitation by two electromagnetic fields
has potential applications and repercussions in high qual-
ity single photon generation [26, 27], selective filtering
of optically active frequencies [28], quantum dot based
thermometry [29], and from a more fundamental point of
view, stimulates research on quantum interference phe-
nomena in solid-state and quantum manifestations in
mesoscopic systems [30, 31].
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